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ABSTRACT 

A general formula is obtained for Yukawa couplings in com- 
pactification on Landau-Ginzburg orbifolds and corresponding 
Calabi-Yau spaces. Up to the kinetic term normalizations, this 
equates the classical Koszul ring structure with the Landau- 
Ginzburg orbifold chiral ring structure and the true supercon- 
formal field theory ring structure. 
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1. Introduction, Results and Synopsis 

In any Kaluza- Klein type compactification on a compact 'internal space' A4, the coupling 
parameters of the effective spacetime field theory depend on the geometry of this 'internal 
space' and can often be determined from it Even when a geometrical description 

of this 'internal sector' eludes us, valuable selection rules and sometimes even exact and 
complete solutions can be obtained; see for example, Refs. ||. 

Consider superstring Calabi-Yau compactifications, that is, superstring models with an 
'internal sector' M. which is known to correspond to a compact, complex 3-fold with trivial 
canonical class. Superstring propagation is governed by a cr-model which may be viewed 
as (a) describing the world sheet E immersed in M. or (b) a 2-dimensional quantum field 
theory on E. The geometry of maps E ■— » M. is then promisingly linked to the quantum 
field theory aspects of such models as one can use the methods in one field to obtain results 
in the other; correlation functions of the 2-dimensional field theory are couplings of the 
compactified effective spacetime field theory. 

Clearly, the analysis presented here may also be regarded as a toy model: the geometry 
of the target M. and the configuration space {E ■— > Ji4} of any cr-model may be employed 
to advance our understanding of quantum field theory. In this sense, our results pertain 
to the algebra of observables in a wide class of quantum field theories. Since the algebraic 
geometry which we use remains valid regardless of the triviality of the canonical class 
(criticality), the relations and applications to field theory can be made equally general, 
although perhaps not as easily interpreted. For sake of immediate application, we do focus 
on (2,2)-supersymmetric, that is, Calabi-Yau compactifications only and will confine our 
cross-dictionary accordingly. 

— o — 



Take, for instance, A4 to be a Calabi-Yau complete intersection of hypersurfaces in a 
product of flag-spaces = f U(N)/ (Yii where N = ^\ n^. Already the simplest 

case involving products of projective spaces P n = U(n+1)/ (U(l) x U{n)) provides several 
thousand examples ||]. The weighted (quasi-homogeneous) variants are obtained as quo- 
tients Wfi/ Atfn with quasi-homogeneous coordinates yi = f Xi mi , and where = FJ^ Z m . 
is the cyclic group which leaves the yi invariant . Again, even just simple hypersurfaces 
in a single weighted projective space provide several thousand examples ||. 

For all such Ai (in fact, regardless of being Calabi-Yau), all desired cohomology may 
be computed using equivariant (co)homological algebra based on the Koszul sequence and 
the Bott-Borel-Weil Theorem |5|,[7||§; call this simply 'Koszul computation'. 

A favorable subset of such manifolds define Landau- Ginzburg orbifolds and thereby 
superconformal field theories P,|TC)| as the limit of their renormalization flow; see how- 
ever also Refs. [jLTJI^ . The 27 and 27* massless fields in such models may be found by 



semiclassical methods [|13| and correspond to charge-(l, 1) and -(—1, 1) states in the (2, 2) 
supersymmetric field theory. Note that each flag-space may be identified with a quotient 
space other than in the definition above: for example, P n = U(n+1)/(U(1) x U(n)) also 
equals the quotient P n = C n+1 /C*, where C* is the multiplicative group by non-zero 
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complex numbers. The denning polynomial of the hypersurface f(x) = in P n becomes 
the superpotential of the Landau-Ginzburg field theory, with the fields spanning the affine 
space C n+1 ; the quotient thereof is the Landau-Ginzburg orbifold ^ which corresponds to 



the projective space M. <— > P n . Thus, we write lP( Wl) .„ )W , B )[<fl for the family of degree-<i 
hypersurfaces in the weighted projective 4-space with weights Wi, but <E^ Wl w \ [d] for the 
affine configuration space of the corresponding Landau-Ginzburg field theory. 

It was proved |C| that beyond the final agreement of the spectra as found, respectively, 



by the Koszul and the Landau-Ginzburg orbifold calculations, the two approaches display 
a remarkably precise correspondence in many details. This is most easily stated as being a 
(somewhat formal) isomorphism between the 'Chiral Ring' structure of Landau-Ginzburg 
orbifolds [|14| and the Jacobian ring structure of the cohomology as obtained by the Koszul 
computation |8| Jl2] , |l5| . 



The purpose of this article is twofold, (a) The general formula for the Yukawa cou- 
plings in the Koszul computation || is herein shown to agree with the standard Landau- 
Ginzburg orbifold analysis, (b) Some computational short-cuts and identities are discussed 
which facilitate toggling between the Koszul and the Landau-Ginzburg orbifold description. 
In addition, a preliminary comparison is discussed with those exactly soluble superconfor- 
mal field theories where both a Koszul and a Landau-Ginzburg orbifold description 



are also known, suggesting an equivalence of these three ring structures. 

The underlying reason for the existence of such a relation is the common notion of the 
function ring — in fact algebra 2 \ It is practically a tautology that a (quantum) field theory 
is specified by its algebra of observables, that is, an additive group of operators with the 
ring (algebra) structure specified through the correlation functions; no Lagrangian or action 
functionals need be known. Similarly, the ultimate point of view of algebraic geometry 
is that a variety itself may be ignored and that 'all one needs to know' is the function 



ring [17]. In Landau-Ginzburg orbifolds alike, the superpotential serves for computations, 
but the desired information lies in the Chiral ring. 

Besides these general arguments, sample computations are also included supporting 
the above claims and to demonstrate that the normalization of the Chiral (Jacobian) ring 
elements remains free to adjust for agreement with exactly soluble super confer mal field 
theory models. 



Roughly, our strategy is to establish a 1-1 correspondence between the Koszul ||J7|,§ , 
the Landau-Ginzburg orbifold [[13], working ultimately towards the Gepner-type P, |ll^|T8|| 
computations. Since the last of these is most exact but least general, the idea is to 
"analytically continue" (in moduli space) these exact results of Gepner-type models to all 



Koszul computations and so extend the work reported in Ref. [12]. Following Refs. Bp, 12 



1 - ) To find the spectrum, passing to a quotient by a finite subgroup of C* suffices. 

2 ) A ring is a commutative group with respect to addition, equipped with a multiplication that 
obeys the usual distributive laws. Actually, most of the commonly encountered rings in physics 
here are in fact algebras: the ring elements may be multiplied freely by complex scalars, which 
form the ground ring, moreover the ground field, C 
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and others, a few examples will be presented in detail hoping that the general case and 
limitations will be clear. 



The article is organized as follows. In section 2, we describe the typical results of the 
Koszul and the Landau- Ginzburg orbifold calculations, that is, their respective descriptions 
of the spectrum of massless fields. In section 3, we focus on the (c, c)-sector only and study 
a simple model and its 'ineffectively split' version. The (a, c)-sector is then studied, in 
section 4, by applying our (c, c)-sector results to the mirror of a well known model which 
was used to obtain a 3-generation theory Section 5 contains a brief discussion of 

a comparison with exactly soluble models and some additional comments. Appendix A 
presents a gauge theoretic introduction to the Koszul computation while the equality of 
the Koszul ideal and the ideal of the Chiral Ring structure is proven in Appendix B. 



2. Koszul vs. Landau-Ginzburg Orbifold Spectra 

At the risk of overlapping with the recent literature, a telegraphic inventory of the standard 
toolboxes for algebraic geometry and for (2,2)-supersymmetric effective field theory is 
presented here. Refs. and | 13l , respectively, are recommended for further information 

and details. 



2.1. Koszul field representatives 

The quickest (and perhaps conceptually simplest) way of introducing this framework be- 
gins by starting with the embedding spaces of our choice, which are products of flag vari- 
eties W H = C/(iV)/(rii C/ ( n i))- The Bott-Borel-Weil theorem ensures that (homogeneous, 
holomorphic) bundles over such spaces are classified as representations of Yl i U(rii), while 
cohomology valued in these bundles furnishes representations of U(N), where N — Yli n i- 
Representations of SU(n) groups are rather well known to physicists and suffice it here 
to note that U(n) ~ U(l) x SU(n), so that representations of U(n) are specified as those 
of SU(n), with an additional U(l) charge. Appendix A provides more details about the 
application of the Bott-Borel-Weil theorem. 

As is well known, SU{n) representations are easily assigned tensorial variables. Ir- 
reducible [/(n)-tensors have their indices (anti) symmetrized and all possible traces are 
subtracted. Note that traces are taken with the only invariant tensor of U(n): the Kro- 
necker b~ b a symbol; the totally antisymmetric symbol e°i--- a « is an SU(n), but not a U(n) 
invariant — its [/(l)-charge is n. 

— o — 
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Now, the spaces under study are not the entire flag spaces, but their subspaces defined 
as the zero-set of a system of holomorphic homogeneous polynomial constraint equations — 
complete intersections. Each one of these equations may be written as f(x) = 0, where 
f(x) is the defining polynomial and may be written as 

f{x) = f {ab ... c) x a x h ...x c , deg(/) = d, (2.1) 

in terms of suitable homogeneous coordinates x a . This is equally well represented by 
f(ab—c)> which we call the defining tensor (coefficient). 

Notation: Tensor coefficient will be indexed according to the standard convention: 
subscripts for co-variant and superscripts for contra-variant vectors. However, with 
a little forethought, coordinates are indexed by subscripts although they are actually 
contra- variant. Thus, <f> a and r y a denote tensor coefficients of a co- and contra-variant 
vector, so that </> a 7 a is invariant; owing to this exceptional indexing of coordinates, (f> a 
can be contracted with x a , but "f a and x a cannot; they transform alike. 

It then follows that all tensor-valued cohomology on a complete intersection submani- 
fold is representable in terms of £/(iV)-tenors, which are however further reduced by taking 
traces with the (dual) defining tensors ||. 

In other words, the tensor algebra on a flag space is generated by the variously sym- 
metrized traceless tensors, their usual products and contractions with the aid of the Kro- 
necker b~ b a . However, on the subspace M. where f(x) = f a --- c x a ■ ■ - x c vanishes, contractions 
with the aid of f a —c are also invariant and so tensors on A4 are irreducible only upon also 
subtracting / a ... c -traces. 

In this approach, therefore, the required field representatives are obtained as various 
(components of) tensor coefficients. Typically 3 -', these will be totally symmetric tensors 
or tensors which factorize into products of the totally antisymmetric symbol e ai "' a ™ and 
totally symmetric tensors. 

2.2. Landau- Ginzburg field representatives 

A Landau- Ginzburg orbifold model is given in terms of a set of chiral superfields X a and a 
superpotential P(X); the kinetic term is typically taken to be the flat one, f d 2 6>d 2 6>|| X|| 2 
and may be ignored for most part of the analysis. Corresponding to projective spaces 
in the (quasi)homogeneous flag-spaces, the superpotential P(X) is homogeneous. Such 
field theories fall in the general category of Wess-Zumino models, which have been studied 
extensively in the last two decades. A number of simple results can be derived about the 
correlation functions, such as the fact that the chiral n-point functions (Ylii^aiiZi)) ) do 
not depend on the positions Zi and are largely determined by the PCAC theorem pOj] , 

3 ) This is so for complete intersections of hypersurfaces. More general tensors arise for in- 
tersections of higher codimension subspaces, i.e. when more constraint equations are required 
globally than is the difference between the dimension of the embedding and the embedded space; 
see Ref. J§. 
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Refs. provide a well-adopted technique for listing the states in the (c, c)- and (a, c)- 



rings of a Landau-Ginzburg orbifold. Firstly, by (quasi)homogeneity of the superpotential, 

XP(X a ,Y a ) = P(X^X a ,X^Y a ) , (2.2) 

with q a = n a /d and q a = n a /d, where <i, the total degree, and n a ,n a are integers. 
One then considers the general cyclic symmetry with a diagonal action, X a , Y a i— > 
(e 2 ™ 0a X a ), (e M °7 a ). When 9 a = q a and 6 a = q a , G is the £/(l)-current J . Clearly, as 
charges of a cyclic symmetry, 9 a and 6> Q are defined only up to integers. Upon passing to 
the quotient by O, the Hilbert space of the field theory decomposes into sectors, one for 
each element of G. As each element of the cyclic group G is obtained as a power (denoted 
£) of a chosen generator, this conveniently labels the sectors. The general formula for the 
charges of the Ramond vacuum in the ^-twisted sector is [(TBI : 



Jo 
Jo 



°)1 ={ ± [ E (e<0 -[©<(*)]- ^)] + [ E ^ 



where G^(£), typically Qi(£) = £9i, is the twisting angle of the i th field in the £ th sector. The 

matching |0)^ . and \0)^ a c ^ vacua are obtained by spectral flows ^(1/2. 1/2) an d ^(-1/2, 1/2)5 

of charges (§, §) and (— |, |), respectively; note the £ — > £+ 1 shift in the Ramond — > (a, c) 
flow. 

Upon obtaining a full list of (c, c)- and (a, c)-vacua for each sector, one looks for 
charge-(l, 1) and charge- (—1, 1) states of the form $ \0} e where $ |0)^ is left invariant by 
the quotient group G. Here, $ is a polynomial (possibly just the identity) in those fields 
which are left invariant by the Qi(£) action and \0) £ is the ^-twisted vacuum. Clearly, 
the charges of the polynomial $ and the vacuum \0) e ought to add up to (±1, 1) for a 
marginal operator (which corresponds to a massless field in the spacetime effective field 
theory). Finally, two polynomials are considered equivalent if they differ by a multiple of a 
gradient of the superpotential. This is because, modulo the equations of motion, dP/dX 
is proportional to D 2 X, which is a descendant field and yields no new information. 

In addition, from general conformal field theory consideration, we know that (in the 
conformal field theory limit) each twisted vacuum may be obtained from the untwisted 
vacuum by multiplication with an appropriate twist-field. 



2.3. Koszul vs. Landau-Ginzburg dictionary 

By straightforward contraction, tensors are dual to formal polynomials in x a , dx a (dx a is 
replaced by spinors ij) a in a corresponding field theory) and their formal duals. Correspond- 
ing to the fact that irreducible tensors on the hypersurface f(x) = have no /(a;)-traces, 
these formal polynomials are taken modulo multiples of f(x). 

In fact, U(N) -linear transformations of the global homogeneous coordinates on the 
embedding flag space cannot have any intrinsic effect on the flag space or any of its mani- 
folds. Since 

XiXi 3 djf(x) = \i\ a f a \ b ... c )XiX h ...x c , (2.4) 
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is the £7 (iV) -linear transformation of /(#), irreducible symmetric tensors (dual to polyno- 
mials in Xo) on the hypersurface f(x) = vanish upon contraction with all but one index 

Of f(a-c)- 

Thus, we naturally expect the Koszul and the Landau- Ginzburg orbifold field repre- 
sentatives to be each other's duals. Indeed, in the untwisted sector of any Landau- Ginzburg 
orbifold this duality checks out readily. All Landau-Ginzburg orbifold field representatives 
there are always polynomials of the same degree as the superpotential; they produce poly- 
nomial deformations of the superpotential: 

{0(a6-c)A(o|Vi|6».c)} ~ {(p(x)/x a X a l dif(x)} . (2.5) 

The latter, in turn, always occurs as a subsector of result of the Koszul computation, a sub- 
sector which is represented by totally symmetric tensors precisely dual to the polynomial 
deformations |5|,|8|,|T2l . 



Ref. |TI| has verified that this dual 1-1 correspondence goes beyond the untwisted 
sector: all the Koszul representatives do have a 1-1 counterpart among the complete set 
of untwisted and twisted states. Moreover, just as the Landau-Ginzburg orbifold represen- 
tatives are of the form <&(X) |vacuum)^, the Koszul representatives factor into a totally 
symmetric tensor, which is dual to $>(X), and a (product of) totally antisymmetric sym- 
bols) which correspond (at least formally) to the twist fields. This correspondence cer- 
tainly covers the obvious properties such as the various charges. To further this relation, 
we will propose a "polynomial" equivalent of the antisymmetric symbol e ai '" a ™ at least in 
the sense that it fits the Koszul vs. Landau-Ginzburg orbifold correspondence. 



Beyond the general discussion presented above, it is a different (and rather more 
involved) issue to determine precisely which tensors are required to span completely a 
given cohomology group on Ai. In Calabi-Yau compactifications of heterotic superstrings, 
elements of H 1 {Tm) and if 1 (7}^) correspond, respectively, to the charge-(l, 1) and charge- 
(—1,1) states of the corresponding Landau-Ginzburg orbifold, and we will use the clas- 
sical geometry and Landau-Ginzburg orbifold notation interchangeably. For CalabiYau 
complete intersections in products of projective spaces, H 1 ^^) is not infrequently well 
described by deformations of the defining polynomials @ . In general (product of any flag- 
spaces and M. not necessarily CalabiYau), the fully fledged Koszul computation |§,[7]|| 
is necessary to compute i? 1 (T); H x {Tj§) is also obtained by the same method. We now 
focus on these two sectors in turn. 



3. The (c, c)-Ring 

Rather than attempt to directly deal with the general case and unnecessarily clutter the 
notation, we consider a simple example where the (c, c)-sector contains both twisted and 
untwisted states; computational details are included in order to facilitate future applica- 
tions of the present results to other models. 
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Before doing so, however, a remark is in order. As noted below, we shall use a trick 
to extend the Yukawa coupling formula of Ref. [0 to the twisted (c, c)-states. Undeniably, 
this will be possible only in a subclass of models. However, the obtained formula agrees in 
all detail with the general Koszul computation []5]||. Since the correspondence is equally 



general ||12| , we conclude that the extension of the Yukawa coupling will be valid even 
when the calculational trick employed below will not be available. On the other hand, this 
also proves that the Koszul calculations of Yukawa couplings [pl|| in fact are as exact as 



those obtainable in Landau- Ginzburg orbifolds, when those are available. 



3.1. A sample model 



Consider the CalabiYau manifold of the type 

2,86 

i i i 



(3.1) 



f(%) f abed X a X X C X d , 

■_ L(iS K 9{x,y) = g aci i3Xay a yp =0, 

where (x$, . . • , X4 ) and (yo,2/i) are homogeneous coordinates on P 4 x P 1 , denoted by the 

'bra' part, 4 . Obviously, f a bcd is totally symmetric in all its indices, while g aa f3 = 9a pa- 

The two columns in the 'kef part of the matrices above denote the homogeneity of f(x) 
and g(x,y). The matrix represents an entire family of complex manifolds, of the same 
topological type but with the complex structure parametrized by the various choices of 
the coefficients in f{x) and g{x, y) and Q is a member of this family. Generic 4 > choices of 
f(x) and g(x,y) produce smooth Q and the subscripts on the matrices above denote the 
Euler characteristic while the superscripts denote b± 1 and 62,1 of such a generic manifold. 



The Landau-Ginzburg orbifold is obtained by assigning chiral superfields X a and Y a to 

the coordinates x a and y a and using P(X, Y) = f(X) + g(X, Y) as the superpotential @. 
For a generic choice of f(X) and g(X, Y), the superpotential is non-degenerate. We easily 
find: 

Q ■ dx = qx = \ , 9 Y = qy = f , O = Z 8 . (3.2) 

The formula (|2.3|) now produces the charges of all eight Ramond ground states and spectral 
flow then provides the Neveu-Schwarz vacua. For completeness, Table 1 lists the five classes 
of vacua. 

3.2. Field representatives for Q 

The Koszul computation provides a full complement : 

H X {Q,T0) ~ [{<P(abcd)}/{fe(abcX d) e }] 45 , 

© [{</>a(/? 7 ) }/{gdf3 1 X a d ® g a 5((3^>y) 5 }] 11 , (3.3) 
© [U a ^(abc)}/{^fabcdX d }} 30 , 

4 ) "Generic" means "all except a subset of strictly smaller dimension" . 
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of 86 independent tensor components, as counted by the subscripts; a, b.. = 1, . . . , 5 and 
a, p.. = 1,2. Here X a b 1 A Q ^ and A a are reparametrization degrees of freedom which can 
be used to "gauge away" 25, 4 and 5 components, respectively, of the (f), ip and Note 
that the X a b - "gauge equivalence" occurs in two places; the above subscripts imply that 
all of it was used up to gauge away components of 4>{abcd)i rather then of (p a m^y Clearly, 
this choice is subject to the practitioner's whim, provides equivalent representatives for 
the elements of H 1 (Q : Tq) and — most importantly — relates many Yukawa couplings. 

Upon contracting the first 56 tensors with appropriate coordinates, the Reader will 
promptly recognize the deformations of the defining polynomials fix) and g(x,y), taken 
modulo linear reparametrizations |§. The last 30 elements however do not have such a 
simple interpretation and cannot be found by polynomial deformations [^TJ. Note the 
anti-symmetric symbol occurring in these. 



A quick glance at Table 1 verifies that only the (c, c)-vacua with £ = 0,4 may be used 
to construct charge-(l, 1) states. 

For I = 0, all X a , Y a fields are left invariant and since the vacuum charges are zero, 
we need polynomials of charge (1,1). In view of Eq. (ft.2|), the untwisted (c, c)-sector is 
spanned by polynomials of bi-degree (4,0) and (1,2) in X a , Y a — precisely the polynomial 
deformations of /(-X") and g(X,Y) and dual to the first 56 representatives in (|3.3| ). The 
number of independent such polynomials, taken modulo the ideal 9?[e?P], is found |13| as 
the coefficient of the £ 8 -term in 

It is not a least bit obvious that the ideal generated by the gradients of P(X, Y) = f(X) + 
g(X, Y) is the same as the one dictated by the Koszul computation, but this is nevertheless 
true p|. 

Now, for I = 4, only the X a fields are left invariant and since the vacuum charges 
are both |, we need polynomials of charge (|, |). The twisted (c, c)-sector is therefore 
spanned by cubic polynomials in X a — corresponding to the last 30 representatives in ( |3.3| ) . 
Here, the Landau- Ginzburg orbifold and the Koszul ideal are more easily shown to be the 
same. What remains is to identify, at least formally, the anti-symmetric symbol e a ^ with 
the twist field which creates \ \,\) from |0, 0)°. The calculation of the Yukawa coupling 
(below) will support this correspondence in rather more detail. 

Suffice it here to note that e a)3 transforms the same as (ydy), which has charge (f , f ) 

II 1 \ 4 

and is therefore dual to just as 9 a bc is dual to the monomial x a Xb x c . A related fact is 

that all tensorial representatives (|3.3| ) have an integral charge under the 2§ symmetry ( |3.2| ). 

— o — 
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It is rather well known that the polynomial deformation method for computing the 27 3 
Yukawa couplings [0 applies verbatim to the untwisted (c, c)-sector of Landau- Ginzburg 
orbifolds. Refs. || shows how to (a) translate this method to the Koszul computation and 
(b) extend to all of if 1 (T), whether corresponding to twisted or untwisted (c, c)-states. 
The resulting ring structure will here be called 'Jacobian', borrowing from the standard 
case of a single hypersurface (see Refs. [15] and references therein). 

Given the above 1-1 correspondence between Koszul and Landau-Ginzburg orbifold 
field representatives, it is of course a simple matter to translate this result into the Landau- 
Ginzburg orbifold formalism. However, we presently re-derive it from the Landau-Ginzburg 
orbifold framework itself, using a little trick for which we need a model which is closely 
related to Q. 



3.3. The 'ineffectively split' model 

For many complete intersection manifolds, there is a sequence of related manifolds ob- 
tained by so called 'ineffective splitting', first discussed and named 5 -* in the third article 
in Refs. f§; see also Refs. §,[TT]. 

To be precise, every complete intersection can be split, but this may or may not change 
the manifold; a 'split' is called 'ineffective' when the manifold does not change although 
the embedding is changed through 'splitting'. If the complete intersection can be written 
as a hypersurface in a product of a complex 1-dimensional and a complex 3-dimensional 
space, the simple form of 'ineffective splitting' as described below is possible. More general 
forms of 'splitting', by introducing more than two new variables, will provide 'ineffective 
splits' of many other examples (see for example p. 279 of Ref. ||). To the best of our 
understanding, the precise limitation of this process is not known in general. 

Consider the following 'ineffectively split' version of Q: 

f\Xj fabcd %b %c -Ed , 

m(x,z) = m aB x a z B =0, (3.5) 

h(y,z) = h a p C y a y/3Zc =0. 

The relation between Q and Q is given by g(x, y) = det ( §^^) ) ■ Since the topological 
numbers remained the same, Q and Q are identical, except that not all polynomial defor- 
mations of the complex structure in one family can be attained by polynomial deformations 
in the other and vice versa. 



5 ) Given that this technique is quite effective, this appears to be somewhat of a misnomer. 
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Qe 



4 10 
2 
1 1 



Without much ado, the Koszul computation produces 

^(Q.T-) ~ [{(p(abcd) }/{fe(abc^d) e }] 45 , 

© [{VaB}/{m cB \a C ®m aC \B C }] 6 , 

© [ { V( a p)c }/{ h S ( a \c A|/3) 5 ®h a p D X c D }] 2 , (3.6) 

© [ { e^e AB $ {ahc) }/{ e^e AB f abcd X d } } 3Q , 

© [{e-V c }/{e^m cB A B }] 5 . 

Similarly to Q, the <2 Landau- Ginzburg orbifold is constructed with the superpotential 
P(X, Y, Z) = f{X) + m(X, Z) + h(Y, Z), charges 



Q ■ @x = Qx = \ , Oy = qy = I , @z = qz 



3 

4 ' 



e = z 8 , 



(3.7) 



and the vacua listed in Table 2. Again, the charge-(l, 1) states are found amongst the 
untwisted and i = 4 twisted states. This time, however, the t = 4 twisted vacuum has 
both charges equal to |, whence the charge- ( 1, 1) state is obtained by multiplying this 
only by linear combinations of X a . Of course, owing to more variables, there are now more 
untwisted states, so the net count is the same — 86. 

To simplify the presentation and also for later convenience, we now shift to the special 
case, where 



abed 



for Q, and 



fabcd 



1 a, 6, c, d all equal, 
otherwise, 



1 a, 6, c, d all equal, 
otherwise, 



#£1/37 — 



m aB = 



1 a, (3, 7 all equal, 
otherwise, 



—e a B a, B = 1, 2, 
otherwise, 



(3.8) 



h 



a(3C 



1 ce,(3,C all equal, 
otherwise, 



(3.9) 



for Q. The respective Landau- Ginzburg orbifold superpotentials become 

2 

p q (x,y) = Y,( X "+ X ^) + xi + xi + xl , 



(3.10) 



and (upon a convenient rescaling Zi — > Z2, Z2 — ► — -Zi) 

2 

P g (x,y,z) = ^2(x\ + x a z a + y^z a ) + xl + xj + x l 5 



(3.11) 



It is of course convenient to use a monomial basis for the states and Table 3 presents a 
comparative list of the 86 field representatives of <2, Q, both the Koszul and the Landau- 
Ginzburg orbifold version. 
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First of all, all Koszul representatives have integral charges under the 2§ (are 
left invariant by it); also, the total scaling charge of the holomorphic volume form 
(xd 4 x)(ydy)(zdz) is 3. Now, the Koszul representatives which correspond to twisted states 
in fact have zero scaling charge, while those corresponding to untwisted states have non- 
zero scaling charges, equal here to ±1. We will see below that this is also true of the 
(a, c)-sector, taken modulo the charge of the full (holomorphic) volume-form. 

Next, notice that the Koszul representative e a ^e AB, d( a f, c ) i n ^(Q, T~) corresponds 
to an untwisted state although it contains antisymmetric symbols. Since 

X a X b X c Y a Yp\0,0)° Z e a(3 e AB $ {abc) , (3.12) 

we conclude that e a P t AB ought to be dual to Y a Yp. Indeed, this is not hard to prove, since 
these two quantities can be contracted using the defining tensors: 

e f38 e AB h( a p)Ah(y8)B Y a Y 1 (3.13) 

is invariant; recall that coordinates are indexed by sub-scripts although they are contra- 
variant. Thus, tP S £ AB i s dual to Y Q Y 1 (= YiY 2 ), much like fiubc) is dual to X a X b X c . 

It only remains to interpret the single e's. To this end we consider the Yukawa cou- 
plings in the (c, c)-sector. 



3.4- Yukawa couplings 

The 86 field representatives in Table 3 are easily divided into three groups: (1) those which 
are untwisted in both Q and Q, denoted U, (2) those which are untwisted in Q but twisted 
in Q, denoted V, and (3) those which are twisted in Q but untwisted in Q, denoted W. 

The Yukawa coupling is a scalar product of the type 

K ijk = <0, 0| |—3, O) 1 |0, — 3> 7 |1, l>f |l,l)^'|l,l)i fc , (3.14) 

where |1, l)f are the charge-(l, 1) states (Landau-Ginzburg orbifold field representatives) 
from Table 3 and of course 

£i+£j+£k = (modd) , (3.15) 

with al = 8 here, is the twist-number selection rule in the (c, c)-sector, and the Jo, Jo- 
charges have been balanced already. Note that the 2 8 selection rule ( |3.15| ), £i+£j +£k = 
(mod 8), applied both for Q and Q, guarantees that 

(U, U, U) , (U, V, V) , (U, W, W) (3.16) 

are the only non-zero types of Yukawa couplings. 
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The first of these types is entirely in the untwisted (c, c) -sector of both Q and Q. 
Therefore, the polynomial deformation formula of Ref. @ applies and for a concrete value 

we only need to calculate Q = f det [d 2 P~\ , the 'top' element of the Chiral (Jacobian) ring. 
Straightforwardly, we have 

Q Q ~ 2 12 3 2 5 2 XfX$X$X%X% , (3.17a) 

Q~ ~ 2 12 3 2 7 2 X 3 X\X\X\Xl . (3.176) 

each of which has to be understood as representative of an equivalence class, up to the 
ideal generated by the partials 

*[9Pq] ~ {(4X 3 +Y Q 2 ), (2X a Y a )}® 0{4X a 3 }, (3.18) 

a=l,2 a=3,4,5 

and 

^ 9P q] ~ {(4^1 + Z A ), (21a^), (X4 + Y 2 )}© {4X 3 } , (3.19) 

a=l,2 a=3,4,5 



respectively. The overall numerical factors 2 12 3 2 5 2 and 2 12 3 2 7 2 , respectively, in Eqs. ([3. 17a ) 



and ( |3.17fl ) are easily absorbed in an overall rescaling of the superpotential and will be 
ignored hereafter. Thus up to wave function renormalization, the Yukawa coupling is given 
by 

U 3 

Kuuu = ~~p\ (3.20) 
Qq 

and similarly for Q. 



The remaining (U, V, V)-type couplings are straightforward to evaluate in Q, since 
both U and V are untwisted there. Similarly, the (U, W, W)-type couplings are easily 
evaluated in Q. Once we know the values of these couplings in the version where they are 
untwisted, we require that the value of the coupling in the twisted version be the same. 
Thus, for example, 

(0, 0| |-3, 0) 1 |0, -3) 7 (X3Y1I2 |0, 0)° f(XlXl |0, 0)° ) (3.21) 

is the untwisted version, in Q, of the Yukawa coupling 

(0, 0| |-3, 0) 1 |0, -3) 7 (X 3 |f, lY)\xlXl |0, 0)° ) (3.22) 

in the twisted sector of Q. The former of these easily produces Qq upon using the 
ideal ( |3.18j ): the Yukawa coupling is 16 (up to the irrelevant overall numerical coefficient). 
The latter evaluates to 

(XiXfXi) (0, 0| |-3, 0) 1 |0, -3) 7 I f , i) 4 1 1, |> 4 |0, 0)° (3.23) 

Comparing with Eq. (|3.17fe|) , it must be that 

= W(XfXi)\0,0)° ~ {Z X Z 2 ) |0,0)° , (3.24) 



3 3\ 4 
4' 4/ 
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in Q, at least in the sense that this fits the Yukawa couplings and hence the ring structure. 
A similar comparison of the (U, W, W)-type couplings, we derive that, in Q, 

0,0)° . (3.25) 

in Q , (3.26) 

in Q . (3.27) 

Because of the square-root, the fields in the superconformal field theory corresponding to 
\[Z\Z~<i and \JX\Xi must have a branch-cut which is a well-known property of twist-fields. 
This supports our identification of \fZ\Z 2 as the twist-field that creates \ from |0, 0)° 

in Q and \/X\X 2 as the one that creates ||, |) from |0, 0) in Q. The Jo, Jo-charges of 

y/XiX 2 and \JZ\Z 2 clearly satisfy this identification. 

— o — 



I 4' 4/ 



(x 1 x 2 ) 



Formally, we can also set 

' 3 ]) 4 = v/^10,0) 



and 



4' 4/ 

1 I" 4 

4' 4 



) 4 = ^/X 1 X 2 \0,0)° 



Looking back at the Koszul field representatives, the quadratic relation ( |3.24j) implies 
that, on Q, e a ^ is dual to y 1 Z\Z 2 . Indeed, this is easy to prove, since the product of the 
squares of these objects is easily contracted into a scalar: 

[e a7 e^ 5 h a p Ah-ys b ZaZb] is invariant on Q . (3.28) 

Similarly, on Q, e a)3 is dual to \fXiX 2l indeed, this again is easy to prove: 

[e^e^ 6 g aa/3 g bjS X a X b ] is invariant on Q . (3.29) 

Clearly, the same calculation can be repeated for any other non-degenerate choice of 
the superpotential; the choice ( |3.8| ) and ( |3.9[ ) merely simplified the derivation. 

— o — 



Thus, we have derived the same "polynomial" representative for the twist fields 

(a) by comparing the Yukawa couplings in the (c, c)-sector of a Landau- Ginzburg orbifold 
and its 'ineffectively split' version, and 

(b) by identifying the twist-fields with e's in the Koszul representative and contracting 
with the defining tensor coefficients. Note that such relations, Eqs. (|3.13|) , ( |3.26|) , 
fl3.27j) , (|3.28|) and (|3.29|) , hold precisely because of the way the tensor algebra on the 
submanifold was defined in Section 2.1. 

With such a "polynomial" representative, the Yukawa couplings can be computed for all 
(c, c)-states, untwisted and twisted. 

It is a straightforward matter to verify that the resulting numerical values of the 
couplings are identical to those calculated entirely within the Koszul computation frame- 
work . In view of the non-renormalization theorem of Ref. [p2| , this should not come 
as a surprise. This identifies the Koszul ring structure with the Chiral ring structure — up 
to the normalization of the field representatives. In other words, the foregoing discussion 
of Yukawa couplings pertains to the so called "un-normalized" couplings, with the kinetic 
terms of the various fields left undetermined. We will return to this later. 
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3.5. The general case 

With the above we have shown that indeed the Koszul computation agrees with the 
Landau- Ginzburg ring calculation. Unfortunately, in a number of cases we know of no non- 
degenerate Landau-Ginzburg orbifold corresponding to the manifold. Yet, our technique 
may equally well be applied in those situations. 

Let M. be a family of manifolds, each defined as a hypersurface in a product of N 
projective spaces P ni x . . . p njv where x^ are the coordinates on the P ni . The hypersurface 

is given by M constraints of the form /] ji, . . . x^ = 0, m = 1, . . . , M, i,j = l,...,N. 

The polynomial deformations will as usual be spanned by polynomials taken mod- 
ulo the Jacobian ideal. In order to find a representative for the various e ~ we consider 
the square, e 2 contracted with the appropriate number of the defining tensors, /( m ) and 

a) 

coordinates, Xj , to make the expression invariant. Just as in the above example, e " 

will be the dual of the square root of the product of the corresponding x^ s. By using 
the Koszul computation and the above identification, we can write explicit monomial rep- 
resentatives for all complex deformations — although we do not know the corresponding 
Landau-Ginzburg orbifold . 

With the (c, c) ring at hand, we then go on to compute the Yukawa couplings using 
the usual technique. In fact, the knowledge of the ring structure may help us in finding 
the underlying conformal field theory. 



4. The (a, c)-Ring 

Having extended the polynomial deformation formula for the Yukawa couplings 
to the complete (c, c)-sector of a Landau-Ginzburg orbifold model, the extension of this 
formula to the (a, c)-sector is now easily obtained by using mirror symmetry. Again, as a 
calculational trick, we will use the 'mirror map'. 



Although the list of models for which the 'mirror model' is known is growing [33 
it will not be known in the general case. As with the (c, c)-ring, we will again show 
that the results of the Koszul computation agree with those obtained by extending the 
Yukawa coupling formula || with the aid of the mirror map. It is important to realize 
at this point an inherent limitation of the Koszul computation: while the choice of the 
complex structure is controlled, the choice of the Kahler class is not, and so a generic 
choice is implied. This means that certain parameters (and so Yukawa couplings) will 
remain undetermined by the Koszul computation although they can be calculated by other 
geometrical means []5],(2l| . Our aim is to show that these can be chosen so as to agree with 
the Landau-Ginzburg orbifold calculations. With this limitation in mind, the Koszul- 
calculated Yukawa couplings will be show to be equal to the Landau-Ginzburg orbifold 
results. We present two examples in detail to facilitate the application to other models. 
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4-1. An almost trivial example 



Let Q be the mirror model of Q. Then, the (a, c)-sector of Q maps 1-1 to the (c, c)- 
sector of Q. Thus, we employ the full (c, c)-extension of the Yukawa coupling formula 
to the (c, c)-sector of Q and then map the results back to the (a, c)-sector of Q. 

As seen from Table 1, there are only two charge-(— 1, 1) states in the (a, c)-sector of 

3 4 

Q: two (a, c)- vacua in fact: | — 1,1) and |— 1,1) . The Koszul computation (and also a 
straightforward application of the Lefschetz hyperplane theorem) assures us that these 
must correspond to the pull-backs of the Kahler forms of P 4 and P . Their (geometrical) 
Yukawa couplings are easily calculated as they are isomorphic to generic hyperplanes in P 4 
and P 1 , respectively 0. In the matrix notation of (|37T|) , we have J x ~ | ] and J y ~ | °]. 
The Yukawa couplings are then simply the number of intersection points: 



\Jxi Jxi Jy) 



X, 



"4 


4 


r 




i 


1 


r 


1 





2 













"4 


4 


r 




1 


1 


0" 


1 





2 










1 



(4.1a) 



(4-16) 



all others being zero. These results are however subject to world-sheet instanton correc- 
tions | 25| , which are insignificant only in the large size limit. That is, the corrections to 
the above results come as a formal power series in powers of the smallest characteristic 
size of the 'internal' manifold, in units of Planck length. This smallest characteristic size 
is simply the size of minimal P 's embedded in the CalabiYau manifold and is unrelated 
to the overall size. For example, orbifolds have singular points, and the minimal P 's are 
in fact these singular points themselves, regardless of the overall size of the orbifold. 

Clearly, therefore, the above (geometric) result is unreliable unless an independent 
argument ensures that world-sheet instanton effects are negligible. No such argument is 
available for Landau- Ginzburg orbifolds, and in fact one expects that at least some of the 
characteristic sizes are small. 



However, our strategy is to relate the Yukawa couplings in the (a, c)-sector of Q to 
those in the (c, c)-sector of the mirror model, Q. The latter couplings are protected by the 
non-renormalization theorem of Ref. [^2| , whereupon the inferred Yukawa couplings in the 
(a, c)-sector of Q will also be exact. 

For the specific choice of superpotential ( |3.10| ), the mirror model is easily con- 
structed P^] . Note that the Landau-Ginzburg orbifold model Q consist of five "building 
blocks", uncoupled up to the 2 8 GSO-like projection: two copies of a -Ds-type model, 
p a = + X a Y^, a = 1, 2 and three copies of a A 3 -type model, p a = X 4 , a = 3, 4, 5. The 
mirror of A^-type models has the same superpotential, but is a quotient thereof. 

One way to construct the mirror of D^-type models is to 'transpose' the superpotential 
and then divide by an extra Z2 [23]. All in all, the mirror model of ( |3.10| ) will have the 



superpotential 

2 

P^(X,Y) = ^(X 4 Y a +Y a 2 ) + Xl + Xi + Xl, (4.2) 
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This dictates that 



q(X a ) = ±, q(Y a ) = l, a = 1,2, q(X a ) = \ , a = 3, 4, 5 . (4.3) 
With these variables, we have 

$ x = X t X 2 X 3 X 4 X 5 , $ y = Y x % , (4.4) 

as the mirror images of J x and J y ; actually, the exact identification as to which ■# is the mir- 
ror of which J will be clear from the analysis below. The general results of Refs. [|Tj| then 
imply that these two representatives will be valid for a generic choice of the superpotential 
Pq, not just the special case ( |3.10|) . 



and 



For the superpotential (|4.2|) , the Jacobian ideal is generated by 

^ 9P q] ~ {(4*2£0, (X 4 a + 2Y a )}® {4l a 3 }, (4.5) 

a=l,2 a=3,4,5 

= 2 10 3 3 XfX$X%X%Xi ~ 2 12 3 3 XfYtX^XlXjXl . (4.6) 

It is easy to show that $ x 3 ~ and ~ 0, whence ((& x , $ y ) remains the only non-zero 
Yukawa coupling. 



Consider now the (a, c)-sector of the Landau- Ginzburg orbifold Q. For a product of 
three charge- ( — 1, 1) states, the Yukawa coupling is 

K ijk = (0, 0| |+3, 0) 7 |0,-3) 7 |-1, l)f |-1,1) ^ |-1, l) e k k , (4.7) 

While the Jo, Jo-charges are automatically balanced, the twist-number selection rule in 
the (a, c)-sector requires 

ti + lj+tk = 2 (modd) , (4.8) 
with d = 8 here. Therefore, the only non-zero Yukawa coupling is 

(0, 0| |+3, 0) 7 |0, -3) 7 |-1, l) 3 |-1, l) 3 |-1, l) 4 . (4.9) 



This implies that 
are two mirror-pairs. 



-M> 3 ^, |-i,i) 4 ~^ (4.10) 



Next, comparing with the geometrical results in ( [4.1a, we see that | — 1, l) 3 ~ J x 



while | — 1, l) 4 ~ J y is the only possible identification. The fact that (J x , J x , J x ) ^ in 
the geometrical calculation shows that the world-sheet instanton corrections indeed are 
not negligible: they in fact cancel out the classical (tree-level, topological) contribution to 

( Jr , Jx , Jx)- 

The fact that the instanton effects conspire so as to cancel the 'topological' contribu- 
tion to some of the Yukawa couplings is easily seen to be the consequence of a quantum 
symmetry, that is, a special (and possibly singular) choice of the Kahler class for which 
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the symmetry used for the GSO-type projection is in fact an isometry. Such cancellations 
were to be expected, much as symmetries of the superpotential relate Yukawa couplings 
in the (c, c)-sector and often cause some of them to vanish. 

Note that there does exist a singular limit in which the geometrical Yukawa coupling 
{J xi Jx, Jx) vanishes but (J x , J x , J y ) remains non-zero. We observe that (J x , J x , J x ) may 
be identified with the real 6- volume of the projection of the CalabiYau 3- fold Q on P 4 , 
while the projection of (J x , J x , J y ) on P 4 has the interpretation of a 4- volume. Thus, for 
{Jx, Jx, Jx) but not (J x , Jx, Jy) to vanish, it would suffice to collapse P 4 in one (complex) 
dimension only. It seems possible to think of the world-sheet instanton contributions 
as effectively distorting the originally homogeneous geometry of P 4 in such an amusing 
fashion. 

Finally, suffice it here to state that the Koszul representatives for J x and J y are simply 
two scalars, consistent with the fact that J x and J y are invariant under any holomorphic 
symmetry of Q. (To prove this invariance, simply use the Fubini-Study Kahler forms: 
dd log || A || 2 and dd log || Y|| 2 .) Thus, the Koszul computation by itself does not provide 
enough information about the pull-backs of the Kahler forms of the embedding P n 's. We 
therefore rely on the geometrical calculation of Yukawa couplings and take an appropriate 
limit to recover the Landau- Ginzburg orbifold result; we will call this the ' Landau- Ginzburg 
orbifold limit of the Koszul (geometrical) calculation'. 

This degree of freedom simply means that, unlike the Landau-Ginzburg orbifold com- 
putation, the Koszul computation does not refer to a particular but rather to a general 
choice of the Kahler class on the manifold [|5]|| . Consequently, agreement with the geomet- 
rical (large size) or Landau-Ginzburg orbifold ('small' size) results is obtained only upon 
fixing by hand this degree of freedom of the Koszul computation. 

Alternatively, the Kahler class variation which takes us away from the limit in which 
(Jx, Jx, Jx) = may easily be studied in the Landau-Ginzburg orbifold framework, as 
a deformation of the mirror model (|4.2| ). For example, a multiple of a general quartic 
polynomial in A 3 , A 4 , A 5 may be added to Pg(A, Y). Thereupon, the result $ y 2 ~ will 

still hold, but will no longer vanish in general. Of course, other deformations will result 
in a more general change and render all Yukawa couplings nonzero. In this way we can 
interpolate between the Landau-Ginzburg orbifold results, where some of the characteristic 
sizes are small, and the geometric results where all characteristic sizes are sufficiently big 
for the world-sheet instanton effects to be negligible. 



4-2. Another model 



The first sample model had a somewhat atypical (a, c)-sector, in that the only field repre- 
sentatives were actually two (a, c)-vacua. The next model will have a richer (a, c)-sector 
and in fact will typify the general case. 

Consider the family of CalabiYau 3-folds one member of which was used in Ref. [B5 
to construct a 3-generation manifold: 



M e 
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f X^) fabc^a-^b-^c 

9(x,y) = g a c t f3 1 x a y a yf 3 y 1 =0 



(4.11) 
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The most general variations of f(x) and g(x,y) are spanned by 60 monomials. Linear 
reparametrizations on P 3 x P 2 are elements of _PGL(4; C) x PGL(3; (D) which has 15 + 
8 = 23 generators. Taking into account two overall rescalings of the two homogeneous 
equations ( fl.ll| ), the 60 monomials form 60 — 25 = 35 independent classes; in fact, all of 
i7 1 (T) is represented by deformations of the defining polynomials f(x) and g(x, y) [^TJ. So, 
the (c, c)-sector here is simpler than in the first example in that there are only untwisted 
charge-(l, 1) states. Of course, the Chiral and the Jacobian ring structures agree, as was 
well known. 

— o — 



For generic choices of f(x) and g(x,y), the associated Landau-Ginzburg orbifold is 
again well defined simply by setting the superpotential to be Pm = f(X) + g(X, Y) |J. 
We again easily find: 

M : 9 X = qx = I , e Y = q Y = l, 6 = 2 9 . (4.12) 



The charges of all 9 Ramond ground states are again found using (|2.3[) ; spectral flow then 
provides the Neveu-Schwarz vacua. For completeness, Table 4 lists all five classes of vacua. 

Again, there exists a special choice of such a superpotential, 

3 

P M = + x « Yj) + X 3 , (4.13) 

a=l 

and the limit of the renormalization flow of this Landau-Ginzburg orbifold results in a 
tensor product (Ef) s (A2) of minimal models 111 611 . This choice corresponds to setting 



f defjla = 6 = c, def J 1 a = a = = 7, (a-\a\ 

abc 1 otherwise, 9aaf3j \ q otherwise, 



in Eq. flPH) . 



4-3. Field representatives 

For H 1 (A4, Tj$), the Koszul calculation produces 

H\T*) ~ { J x } © { J y } © {e abcd #M , f ijk &M=0} 6 . (4.15) 

This time, besides the pull-backs of the Kahler forms J x and J y of P 3 and P 2 , represented 
by two scalars, we also obtain 6 tensors where the totally antisymmetric symbol e abcd 
is readily factored out. Note that the scaling charge of the holomorphic volume form 
(xd 3 x)(yd 2 y) is 2. The scaling charge of the two scalars, J x and J y , is of course zero, while 
the scaling charge of e abcd $( l i) i s 6^ = 2, which again is zero modulo the scaling charge 
of the holomorphic volume form. This was expected, as all these field representatives 
correspond to twisted states in the Landau-Ginzburg orbifold framework. 

The dual cohomology, H 2 (T), is then spanned by two copies of the holomorphic 
volume element on P 3 x P 2 : 

(xd 3 x)(yd 2 y) d = (xodx 1 dx 2 dx 3 )(y 1 dy2dy3) , (4.16) 
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and six independent tensor coefficients in 

{e a ^%) ^e a/?7 %) + e Q ^A% fc } 6 . (4.17) 

Note again that the scaiing charges of all these eight field representatives are zero, modulo 
the scaling charge of the total holomorphic volume form. 

The latter tensor coefficients, are themselves naturally dual to monomials XiXj, 

which transform like the original tensor coefficients Thus we have 

rt Z Xl X 3 , =^ fiMaXiXj . (4.18) 

So, again, we are looking for a "polynomial" representative for e abcd : that is, one which is 
dual to e apl . 



As remarked above and which is now obvious from Table 4, the only integral charge- 
(1, 1) states come from the untwisted (c, c)-sector. In the (a, c)-sector, however there are 

two charge- ( — 1, 1) vacua, with I = 3, 5 and there is also the vacuum I — |, |) , which 
becomes a charge- ( — 1, 1) state when multiplied with quadrics in X a . Indeed, I = 4 in the 
(a, c) -sector stems from I = 3 in the Ramond sector and there the X a but not the Y a are 
left invariant by the action of O = Zg. Reducing furthermore modulo the ideal generated 
by the gradients of the superpotentials, this yields six states of the form 

tf(X)|-§,+i) 4 , $(X)^$(X) + \ a d a f(X) . (4.19) 

It is immediate that such quadrics are dual to the rank-2 tensor "&uj) in ( [1171) , that 
is, the quadrics $(X) here may be identified with the tensors in ( |4.15| ). Again, 

twisted vacuum | — §,+§) is tentatively identified with the e abcd symbol and we seek a 
"polynomial" representative for it. 

— o — 



By switching to At, the mirror model of Ai, the eight charge- (—1, 1) states will all 
acquire charge-(l, 1) counterparts. For the special choice of the superpotential Pm as 
in (|4.13[) , the superpotential is self-transposed and mirror is obtained simply as a quotient 



of Ai itself ||23| . As this is not the case in general, we shall place a 'hat' on the coordinates 
when they refer to Ai. It is easy to check that (the pull-backs of) the Kahler forms J x 
and J y have the following mirrors: 

■& x = XqY&Yz , $ y = X,X 2 X 3 , (4.20) 

where again the choice of the labeling involved a little forethought. In addition, the mirrors 
of X a Xf, | — | , +|) will be twisted (c, c)-states, however, only consisting of twisted (c, c)- 
vacua 6 ). 

Note that the above two representatives, $ x and "& y , are the two factors of the 'fun- 
damental monomial' Y[ a X a Y[ a Y a (see Ref. ||15|| ) which are invariant under the Z3 x 7L§ 



6 ) We thank M. Kreuzer for pointing out an error in an early version of the paper. 
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symmetry — the action of which we must divide out to obtain the mirror M.. Also, $ x and 
d y are nontrivial deformations of Ai (upon un-hatting the coordinate fields) as well as 
of the mirror model (with the hats on), and will remain so also away from the specially 
symmetric choice (|4.13|) [|15j . 

4-4- Yukawa couplings 

The twist-number selection rule ( |4.8| ) alone dictates that 

(J Xl J yi J y ) ~ (0,0||+3,0) 7 |0,-3) 7 |-1,1) 3 |-1,1) 5 |-1,1) 5 , (4.21a) 

(0, 0| |+3, 0) 7 |0, -3) 7 (XiXj |-f , \f){X p X q |-§ , |) 4 ) |-1, l) 5 (4.216) 

are the only non- vanishing (a, c)-sector Yukawa couplings in the Landau-Ginzburg orbifold 
limit. 

As in the previous case, away from the Landau-Ginzburg orbifold limit, the geomet- 
rical computation also yields (J x , J x , J y ) ^ 0. Again, the (J x , J X1 J y ) ^ result can be 
obtained also in the Landau-Ginzburg orbifold framework, by calculating (fix, fix, $y) 
for a deformed model of M., e.g., one in which a multiple of d x has been added to P^q. 
This happens in exact parallel to the previous example and we obtain that 

1-1, 1) 3 ~ fi a , |-1, l) 5 % § y (4.22) 

are mirror-duals. In fact, since both X0Y1Y2Y3 and X1X2X3 are invariant under the 
Z3 x 2g quotient which gives the mirror, they are present both in the original and 
the mirror model, so that | — 1,1) and | — 1,1) may be identified with XqYiY^Y^ and 
X1X2X3 respectively as their monomial representatives. The 'top element' Qm = 
2-3 7 7 3 X§X\Y\X\Y2X\ Y 3 is inherited by the mirror model, since M — M./A and only 
those quotients are allowed where A leaves Qm invariant. Clearly, # x $ y 2 oc Q = 

2-3 7 7 3 X XlYiX$Y 2 X$Y3, which in fact equals Q M . 

The type of the Yukawa coupling (f4.21fc| ) did not occur in the previous model and 
provides new information here. From ( |4.216| ) and the discussion in the above paragraph 



we find that 

(|-f,|> 4 ) 2 = yir 2 y 3 (|0,0) ) 2 (4.23) 



must hold. In other words, \/^i^2^3 may be regarded as the 'polynomial' representative 
of the twist-field producing — |, |) from |0,0) 7 \ 

Turning back to the Koszul computation, the analogue of this result is not hard 
to prove. That is, the factor e abcd in the field representative ( |4.15| ) may be assigned 



the 'polynomial' representative ^YiY 2 Y 3 . To see this, consider the square of the e 



7 -* The analysis can also be carried out by considering the (c, c)-ring of the mirror M only. By 
using the selection rules and the ringstructure, in particular the existence of the top element Q ^q, 

one finds that the six twisted ('non-polynomial') (1, 1) states are given by X a X b s/Y x %% „, 
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from the six dual representatives in ( |4.17|) . Through contraction with the defining tensors 
7/30-) the square of the antisymmetric symbol, e a ^ 1 e^ vp is dual to 

Eq. dn^b 



X a Y\ Xt, Y K X c Y a 



^yY 1 Y 2 Y 3 



(4.24) 



where the result on the r.h.s. of the arrow in ( |4.24 ) has been obtained with the simple 
choice of the defining tensors ( |4.14|) , and § v = XiX 2 X 3 is the un-hatted version of "& y . 

Recall finally that in the Koszul computation, the pull-backs of the Kahler forms 
enter as scalars, rather than tensors dual to $ x = X0Y1Y2Y3 or $ y = Xl-X^-X^. There- 



fore, the overall factor of $ y in Eq. ( 4.24 ) was necessary just so as to make the Yukawa 
coupling ( fl21fc|) non-zero in the Koszul framework. 



It is then clear that the Landau- Ginzburg orbifold and the (J x , J X1 J y ) — > limit of 
the Koszul calculation (as discussed in the previous example) predict the same Yukawa 
couplings to vanish. We may now address the issue of the ratio between all the non-zero 
Yukawa couplings ( 4.21a ) and Q4.21£| ). In the Landau-Ginzburg orbifold framework, this is 
a definite number, equal to 1 with the current definitions of the field representatives. In the 
Koszul computation, the coupling ( |4.21a| ) is simply a product of scalars and is therefore 
already a scalar quantity, which can be set equal to the value of (|4.21b|) . 

The ratio of the Yukawa couplings is therefore in both frameworks a matter of nor- 
malization of the field representatives and can clearly be made to agree. Of course, in 
doing so, we had to take the Landau-Ginzburg orbifold limit of the Koszul results, whence 
{J xi J xi J y ) was made to vanish as discussed in detail in the previous example. 



4-5. The general case 

As for the (c, c) ring, we would like to extend the results for the (a, c) ring to the situa- 
tion when there is no (known) Landau-Ginzburg orbifold corresponding to the complete 
intersection manifold description. 

Let M. be defined as in section 3.5. The tensor representatives for the elements in 
i? 1 (A'l, TJsi) are of the form e"<j>'". Except for some exceptional cases [f)],[2~l"|] , here are also 
N scalars Ji each one being the pull-back of the corresponding Kahler form on P n \ In 
order to derive the monomial representatives for the various e""'s, we consider the dual 
cohomology H 2 (T). The dual of the e"0" are given by ? • ?/>..., where e " and are dual 
in the sense that their product is the total e-symbol for the whole field space. As for the 
(c, c) ring then, we find the dual monomial representatives of the e ~ by considering the 
square, e 2 , and contract with the appropriate and Xj. The square root of the so 

(i) 

entered product of x!- s is the 'monomial' representative for e ". 

We also need to identify the Ji with a certain 'canonical' product of coordinates. 
To that effect we have to consider the 'canonical' deformations of the mirror manifold 
W. However, only in a very few cases do we know what the mirror is. As for the class of 
weighted projective spaces one may guess that W will be a quotient of some other complete 
intersection M.. For a large class of models of the former type, it has been argued that the 
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mirror model is obtained as a quotient of a model based on the transpose of the defining 
polynomial ||23|| . It is tempting to say that the same will be true for the whole class of 
complete intersection CalabiYau manifolds 0]. Thus the mirror manifold would be Ai T /H 
where Ai T is the transposed complete intersection and H is the quotient group necessary 
to produce W. By A4 T we mean to take the transpose of the degree matrix, given by the 
defining equations. In order for the transposed theory to be a Calabi-Yau manifold, one 
will have to consider the hypersurface to be embedded in a different product of weighted 
projective spaces such that the condition of vanishing first Chern class is satisfied in each 
of the projective spaces. We hope to return shortly with a proof of the above mirror 
hypothesis. 

From each defining equation (there are now iV of them) we have a 'fundamental defor- 
mation' much in the same way as in the case of just one (weighted) projective space ||15|| . 
These iV monomials we identify as the Jj. At this point we have a complete set of co- 
ordinate representatives for the H 1 (A4,TJ*{). The computation of the Yukawa couplings 
follows in the same way as in the (c, c) ring. 



5. Concluding Remarks 

To complete proving the equivalence of the various computations of the Yukawa couplings, 
up to the unspecified Kahler class in the Koszul computation, one has to address the issue 
of field representative normalizations, i.e., the kinetic terms. 

Besides studying this problem by explicit computation, model by model, we are aware 
of two general approaches. On one hand, a powerful machinery is currently being developed 
for the calculation of so-called periods J O of the holomorphic 3- form 8 ) . These quantities 
turn out to completely determine both the 'un-normalized' Yukawa couplings and also the 
kinetic terms for the effective 27 and 27* fields. This study will be reported elsewhere. 

Another method is based on the analysis of Ref. ||20|1 , where the it was proven — 
for Fermat type polynomials, i.e., tensor products of A^-type minimal models — that the 
Landau- Ginzburg orbifold analysis can be extended to provide the kinetic terms identical to 
those of the exact superconformal models. The key point is that the Witten vacuum wave 
functions can be completely determined by solving certain 'Schrodinger equations', and 
that the usual normalization of these wave-functions precisely reproduces the kinetic terms 
dictated by the exact superconformal field theory. Of course, the general case involves more 
than just the A^-type minimal models. Classifications of admissible superpotentials for 
Landau- Ginzburg orbifolds [p3| , |26[| enable us to isolate, in addition to the Fermat type, two 



more classes of polynomials and the corresponding Wess-Zumino models and their analysis 
will be reported shortly. 

In summary, we have extended the results of Ref. [TJ] , and demonstrated a complete 
agreement between the Koszul computation and the Landau- Ginzburg orbifold computa- 
tion of the Yukawa couplings. This agreement extends over both twisted and untwisted 
and both (c, c) and (a, c)-sectors. To demonstrate this, we have used 'ineffective splitting' 
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and the mirror map. Next, the 'twist fields' which create twisted vacua from untwisted 
ones have successfully been identified with the e " symbols of the Koszul computation. 
Moreover, these have been assigned representatives which are square roots of polynomials 
and which allow a straightforward generalization of the well-known Yukawa coupling for- 
mula [[| — for all 27's and 27*'s. In fact, we find (modulo our mirror conjecture for the 
complete intersection CalabiYau manifolds) that the Koszul computation can be trans- 
lated into the existence of a polynomial (c/a,c) ring even when the underlying N = 2 
superconformal field theory is not known. 

Finally, we wish to emphasize that neither the Koszul computation, nor the Landau- 
Ginzburg orbifold techniques depend on criticality (the CalabiYau condition), although 
the relation between the two will become more involved off-criticality. Also, these methods 
may be extended to field theories in higher dimensions, since they pertain to the analysis 
of supersymmetric vacuum wave-functions which exhibit a high degree of universality |2(J . 
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Appendix A. Gauge-Theoretic Introduction to Koszul Computation 

The Koszul computation may be formulated as an extension of the familiar idea of gauge 
transformation and gauge invariance. In fact, some treatments of (second class) gauge 
constraints in the physics literature are remarkably similar to the standard treatment of 
the Koszul complex in the mathematical literature. The modest basic facts are reviewed 
here and we refer to Refs. ||[F],|8| for more details and a more complete account. 

The Koszul computation in general refers to the task of computing certain cohomology 
groups of a manifold Ai, which is given as a submanifold in a better known X as the 
vanishing set of a system of constraints. To this end, consider the simple case in which 
Ai is a hypersurface in X, given globally as the zero-set of a single constraint equation 
f(x) = 0. It is rather standard that local functions 4>(x) on Ai are obtained as a restriction 
to x G Ai of local functions $(x) on y. In doing so, however, (p(x) will be well defined 
only up to appropriate A(a;)-multiples of f(x): 

<p(x) = <$>(x) + X(x)-f(x) , x e Ai , (A.l) 

simply because on Ai, f(x) vanishes and so do the A(x)-multiples of f(x). Of course, the 
functions X(x) are chosen so that the product X(x)-f(x) would transform just as <fi(x) does. 
In other words, we consider the gauge-transformation 

6$(x) = X(x)-f(x) (A.2) 

in the space of functions on X. All such gauge-transforms of a function will agree on 
Ai C X and form the equivalence class which represents a single function on Ai. 

The same principle applies equally well to tensors, provided we take into account the 
fact that a component of a vector is (anyway) well defined only up to linear reparametriza- 
tions. Since a tangent vector of Ai is also a tangent vector of X, it is clear that the former 
is undefined up to multiples of gradients of the defining function. 

Finally, when looking for various harmonic forms on AI, it must be realized that the 
differential conditions of closedness and exactness, du = and u = da respectively, have 
to be appropriately restricted from X to Ai. 

The Koszul computation offers a purely algebraic analogue to all these requirements; 
one never has to solve any differential equation. In a sense, the Koszul computation is like 
an integral transform, which turns a system of differential and algebraic equations into a 
purely algebraic system. 

There are three basic stages of the Koszul computation. 

1. A tensor- valued form on Ai has to be specified in terms of tensor- valued forms on X, 
restricted however as a function to Ai C X; 

2. The restrictions to Ai of tensor- valued forms on X have to be specified in terms of 
unrestricted forms on X; 

3. Finally, all required forms on X have to be specified in a fashion which will be conve- 
nient for calculations. 

For this last stage, the Bott-Borel-Weil theorem guarantees that all required forms 
can be given in terms of £/(A)-representations if the embedding space is chosen to be a 
product of flag-spaces of the form U (N) / Yii U(rii), J2i n i = N. 
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For the first stage, one uses the well-known fact that the gradient of f(x) provides a 
normal to the hypersurface M. C X. Thus, at any particular point of M. C X, a tangent 
vector of X decomposes into a vector tangent to M. and a multiple of V/(x). This relation 
is then iterated for tensors of higher rank and/or when M. is an intersection of two or more 
hyper surfaces, that is, the simultaneous zero-set of a system of constraints rather than a 
single one. 

In the second stage, the components of the various tensors are treated as functions 
and are taken modulo appropriate multiples of (gradients of) the defining function. If 
the subspace M. is defined as the simultaneous zero-set of more than one constraint, this 
passage to gauge-equivalent classes can be done taking one constraint at a time. However, 
there is a subtlety in doing so and this is the basic reason for the growing complexity of 
the Koszul computation. Suffice it here to consider a case with two constraints, f(x) = 
and g(x) = 0. 

Since both f(x) and g(x) are set to zero on M. C X, a function on M. is given as a 
class of function on X, defined up to the gauge-transformation 

5$(x) = Xf(x)-f(x) + X g (x)-g(x) , x G M , (A. 3) 

where Xf(x) and X g (x) are suitably transforming functions. It would thus appear that 
these two functions are arbitrary and independent and that the space of functions is a 
quotient 

{</>(£)} = {{F(x)} / {X f (x)-f(x)®X 9 (x)-g(x)}} . (A.4) 
Notice, however, that by choosing 

x f( x ) = ~K x )g{ x ) > A 9 (x) = +n(x)f(x) , (A.5) 

the gauge-transformation of vanishes trivially, even away from M.. Therefore, too 
much has been divided out in the quotient ( |A.4| ); the equivalence relation in ( |A.3[ ) is too big. 



The gauge transformation ( |A.3|) is itself subject to a second-level gauge-transformation 



SXf(x) = —fi(x)g(x) , 5X g (x) = +fi(x)f(x) . (A. 6) 

In a field theory where the constraints f{x) = and g(x) = are implemented by 
means of Lagrange multipliers, the second-level gauge-transformation ( |A.6| ) would act on 
the Lagrange multipliers of f(x) and g(x). Just as in a BRST treatment there would be 
introduced ghost fields of Xf(x) and X g (x), there would now also be introduced ghost-for- 
ghost of n{x). 

Clearly, with more than two constraints, there will be gauge invariances of higher 
levels, the total level number equaling the total number of independent constraints. In 
the Koszul computation, these hierarchies of gauge-transformations are systematically and 
effectively taken care by the so-called spectral sequence, and we refer the interested Reader 
to Refs. [|],0Ji] f° r details of this technique. 
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Appendix B. On Ideals 



It was shown in Ref. |L2| that the Koszul ideal and the ideal of the Chiral ring structure 
are in fact equal. For the sake of completeness and also to illustrate several simplifications 
which take place when a Landau-Ginzburg orbifold formulation is possible, we compute 
this for the particular example studied in section 2. 

For simplicity let us only consider the ideal that occurs in the Chiral ring. The 
superpotential is defined to be the sum 

Pq = f(X)+g(X,Y) . (B.l) 

Clearly, for this to make sense, one has to be able to assign scaling charges to the chiral 
fields X a and Y a such that Pq scales quasihomogeneously; in general, this may be an 
important obstruction to construct Landau-Ginzburg orbifolds corresponding to a given 



Calabi-Yau manifold [11,121. 



Thereupon, the ideal in the Chiral ring is generated by the gradients of Pq: 

3[0P e ] ~ { (d a f + d a g) , (d a g) } , (B.2) 

where, of course, d a = and d a = 

Since the forms we are interested in are all (co) tangent- valued, they will be well defined 
up to addition of multiples of gradients of the defining functions f(x) and g(x, y) in ( |3.1|) . 
In fact, since these functions are homogeneous, the gauge-transformation of the type (|A.3| ) 



will also be generated by addition of multiples of the gradients of f(x) and g(x,y). Naively, 
therefore, one would take that the various tangent- valued forms are defined up to additive 
elements of the ideal 

S[df,dg] ~ { (d a f) , (d a g) , (dag) } , (B.3) 

consisting of all multiples of the indicated gradients. Comparing the ideal ( B.3|) with (|B.2|) , 
it is quite obvious that this naive ideal is too big. In fact, we have the same problem as 
with the quotient ( [A.4Q . The complete Koszul computation takes care of the second- level 



gauge-transformation ( |A.6| ), which has not been taken into account in ( B.3|) . 



In general, the discrepancy is rather involved. However, in cases when the Landau- 
Ginzburg orbifold formulation is possible, that is, when the fields X a , Y a can be assigned 
scaling charges such that f(x) and g(x,y) have the same homogeneity, the Koszul ideal 
is simply the naive one in (|B.3|) , taken itself modulo multiples of the generator of the 
second- level gauge-equivalence d a (f — g). In the present case, d a f = trivially, so that 
d a (f — g) does not generate a redundant relation in the Koszul ideal. Since 

{ Uf-Li } " WW + «*]}, (B.4) 

we have proven that the Koszul ideal equals the Landau-Ginzburg one, occurring in the 
Chiral ring of the Landau-Ginzburg orbifold. 

With more than two defining functions for a Calabi-Yau manifold — if a Landau- 
Ginzburg orbifold can be defined — the same equality will hold, although proving it will 
be rather more involved technically. A simple example with three defining functions is 



presented in Ref. |T2[ . 
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Table 1: The Ramond and Neveu-Schwarz vacua of the Landau-Ginzburg orbifold Q, 
defined in Eq. (|3+|). 
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Table 2: The Ramond and Neveu-Schwarz vacua of the Landau-Ginzburg orbifold Q, 
defined in Eq. ( |3.6|) . 
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Table 3: The Koszul and the Landau-Ginzburg orbifold rendition of the (c, c)-states for 
the models Q and Q. Recall, a, b.. = 1, . . . , 5 and a, (3, A, B = 1, 2; different labels mean 
different values (a ^ b etc.). 
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Table 4: The Ramond and Neveu-Schwarz vacua of the Landau-Ginzburg orbifold M,. 
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